We present an efficient method to generate a Greenberger-Horne-Zeilinger (GHZ) entangled state of three cat-state qubits (cqubits) via circuit QED. The GHZ state is prepared with three microwave cavities coupled to a superconducting transmon qutrit. Because the qutrit remains in the ground state during the operation, decoherence caused by the energy relaxation and dephasing of the qutrit is greatly suppressed. The GHZ state is created deterministically because no measurement is involved. Numerical simulations show that high-fidelity generation of a three-cqubit GHZ state is feasible with present circuit QED technology. This proposal can be easily extended to create a N -cqubit GHZ state (N ≥ 3), with N microwave or optical cavities coupled to a natural or artificial three-level atom.
Cat-state qubits (cqubits), encoded with cat states, have drawn intensive attention due to their enhanced life times [1] . Recently, there is an increasing interest in quantum computing with cqubits. Schemes have been presented for realizing single-cqubit gates and two-cqubit gates [2] [3] [4] . Moreover, single-cqubit gates [5] and two-cqubit entangled Bell states [6] have been experimentally demonstrated. On the other hand, circuit QED, consisting of microwave cavities and superconducting qubits or qutrits, has been considered as one of the leading candidates for quantum information processing (for reviews, see [7] [8] [9] ).
The goal of this letter focuses on generation of Greenberger-Horne-Zeilinger (GHZ) entangled states of cqubits via circuit QED. GHZ states have many important applications in quantum information processing [10] , quantum communication [11] , and high-precision spectroscopy [12] . We will propose an efficient method to create three-cqubit GHZ states, by using three microwave cavities coupled to a superconducting transmon qutrit (a three-level artificial atom) [ Fig. 1(a) ].
This proposal has the following advantages. During the state preparation, the qutrit stays in the ground state. Thus, decoherence from the qutrit is greatly suppressed. The GHZ state is deterministically created because this proposal does not require any measurement on the state of the coupler qutrit or the state of the cqubits. Numerical simulations show that high-fidelity creation of a three-cqubit GHZ state is feasible with current circuit QED technology. This proposal can be easily extended to generate a N-cqubit GHZ state (N ≥ 3), with N microwave or optical cavities coupled to a natural or artificial three-level atom. To the best of our knowledge, this work is the first to demonstrate generation of GHZ entangled states with cqubits.
The three levels of the transmon qutrit are denoted as |g , |e and |f [ Fig. 1(b) ]. The |g ↔ |f coupling for a transmon qutrit is forbidden or weak [13] . Cavity 1 is off-resonantly coupled to the |g ↔ |e transition of the qutrit but highly detuned (decoupled) from the |e ↔ |f transition of the qutrit. In addition, cavity l (l = 2, 3) is off-resonantly coupled to the |e ↔ |f transition of the qutrit but highly detuned (decoupled) from the |g ↔ |e transition of the qutrit (Fig. 2 ). These conditions can in principle be satisfied by prior adjustment of the qutrit's level spacings or the cavity frequency. For a superconducting qutrit, the level spacings can be rapidly (within 1-3 ns) adjusted [14, 15] . In addition, the frequency of a microwave cavity can be quickly tuned in 1 ∼ 2 ns [16, 17] .
Under the above assumptions, the Hamiltonian, in the interaction picture and after mak- Each square represents a cavity, which can be a one-or three-dimensional cavity. The qutrit is capacitively or inductively coupled to each cavity. (b) Level configuration of the transmon qutrit, whose level spacing between the upper two levels is smaller than that between the two lowest levels.
(c) Circuit of a transmon qutrit, which consists of two Josephson junctions and a capacitor.
ing the rotating-wave approximation, can be written as (in units of = 1)
where g 1 and g l are the coupling constants,
The detunings |δ 1 | and |δ l | have a relationship |δ l | = |δ 1 | + ∆ 1l , with ∆ 1l = ω f g − ω c 1 − ω c l > 0 ( Fig. 2 ). Here,â + 1 (â + l ) is the photon creation operator of cavity 1 (l), ω c 1 (ω c l ) is the frequency of cavity 1 (l (l = 2, 3)); while ω f e , ω eg , and ω f g are the |e ↔ |f , |g ↔ |e , and |g ↔ |f transition frequencies of the qutrit, respectively.
Under the large-detuning conditions |δ 1 | ≫ g 1 and |δ l | ≫ g l , the Hamiltonian (1) becomes [18] 
where
(2), the terms in the first two lines describe the photon number dependent stark shifts of the energy levels |g , |e and |f ;
the terms in the third line describe the coupling between cavities 2 and 3; while the terms in the last line describe the |f ↔ |g coupling, caused due to the cooperation of cavities 1 and l (l = 2, 3).
For △ 1l ≫ {λ 1 , λ l , λ 23 , λ 1l }, the Hamiltonian H e,1 changes to [18] H e,2 =λ 1 (â + 1â 1 |g g| −â 1â
where χ 1l = λ 2 1l /∆ 1l . When the levels |e and |f are initially not occupied, they will remain unpopulated, because both |g → |e and |g → |f transitions are not induced by the Hamiltonian (3). Thus, the Hamiltonian (3) becomes H e,3 = λ 1n1 |g g| − n l=2 χ 1ln1nl |g g|,
is the photon number operators for cavities 1 (l). Suppose that the qutrit is initially in the ground state |g . It will remain in this state throughout the interaction, as the Hamiltonian H e,3 cannot induce any transition for the qutrit. In this case, the Hamiltonian H e,3 is reduced to
which is the effective Hamiltonian governing the dynamics of the three cavities.
The unitary operator U = e −iHet can be written as
operator on cavity 1, while U 1l is a unitary operator on cavities 1 and l, given by
The two logical states |0 and |1 of a cqubit are encoded with cat states of a cavity, where n and m are non-negative integers, C 2m = 2N + α e −|α| 2 /2 α 2m / (2m)!, and C 2n+1 = 2N − α e −|α| 2 /2 α 2n+1 / (2n + 1)!. Eq. (6) shows that the cat state |0 is orthogonal to the cat state |1 , independent of α (except for α = 0).
For χ 1l t = π, the unitary operator U 1l leads to the following state transformation
where we have applied exp [i(2m)(2m ′ )χ 1l t] = exp[i(2m)(2n ′ + 1)χ 1l t] = exp[i(2n + 1)(2m ′ )χ 1l t] = 1 but exp[i(2n + 1)(2n ′ + 1)χ 1l t] = −1. By means of Eq. (7) and according to Eq. (6), it is easy to find the following results
which shows that a phase flip happens to the state |1 of cqubit l when cqubit 1 is in the state |1 .
The unitary operator U 1 leads to
For λ 1 t = 2π, we have exp [i(2m)λ 1 t] = exp[i(2n + 1)λ 1 t] = 1. Hence, Eq. (9) becomes
Now assume that the three cqubits are initially in the state |ψ cq =
which can be prepared from the state 3 l=1 |0 l , by applying a driving pulse to cavity l to obtain the state rotation |0 l → 1 √ 2 (|0 l + |1 l ) (l = 1, 2, 3) [2] . Based on the results (8) and (10) and according to the expression (6) of the states |0 and |1 and U = U 1 ⊗ 3 l=2 U 1l , it is straightforward to show that for t = π/χ 1l = 2π/λ 1 , the unitary operator U transforms the initial state |ψ cq of three cqubits as follows
The state (11) can be converted into the following three-cqubit GHZ entangled state
by applying a driving pulse to cavity l to achieve the single-cqubit state transformation
. The above description shows that the coupler qutrit remains in the ground state during the entire operation. Therefore, decoherence from the qutrit is greatly suppressed.
The above condition χ 1l t = π and λ 1 t = 2π turns out into χ 1l = λ 1 /2, resulting in
The coupling strength g l can be adjusted by a prior design of the sample with appropriate capacitance or inductance between the qutrit and cavity l [19] .
| |

FIG. 3: (Color online) Illustration of the unwanted coupling between cavity 1 and the |e ↔ |f
transition with coupling strength g 1 and detuning δ 1 , as well as the unwanted coupling between cavity l and the |g ↔ |e transition with coupling strength g l and detuning δ l (l = 2, 3). Here,
We now give a brief discussion on the experimental feasibility. Assume that the singlecqubit operation can be performed within a very short time. Thus, the decoherence effect is negligible during the single-cqubit operation and not considered in our numerical simulation for simplicity.
In reality, there exist the inter-cavity crosstalk between cavities, the unwanted coupling of cavity 1 with the |e ↔ |f transition, and the unwanted coupling of cavities 2 and 3 with the |g ↔ |e transition of the qutrit. When these factors are considered, the Hamiltonian
g l (e i| δ l| tâ l σ + eg + h.c.)
where the first and second lines describe the unwanted couplings, with coupling constants g 1 and g l and detunings δ 1 = ω c 1 − ω f e and δ l = ω eg − ω c l (l = 2, 3); the last line represents the inter-cavity crosstalk, with coupling strength g kl and the frequency difference △ kl = ω c k − ω c l for cavities k and l.
The dynamics of the lossy system is determined by
where σ jj = |j j| (j = e, f ),
In addition, κ l is the decay rate of cavity l (l = 1, 2, 3), γ eg is the energy relaxation rate for the level |e , γ f e (γ f g ) is the energy relaxation rate of the level |f for the decay path |f → |e (|g ), and γ ϕj is the dephasing rate of the level |j of the qutrit (j = e, f ).
The fidelity of the operation is given by F = ψ id |ρ|ψ id , where |ψ id is the output state of an ideal system without dissipation, dephasing and crosstalk; while ρ is the final practical density operator of the system when the operation is performed in a realistic situation. The ideal output state is |ψ id = |GHZ ⊗ |g , where |GHZ is the GHZ state given in Eq. (12) .
For a transmon qutrit, the level spacing anharmonicity 100 ∼ 500 MHz was reported in experiments [20] . As an example, consider ω eg /2π = 6.5 GHz, ω f e /2π = 6.2 GHz, Other parameters used in the numerical simulation are: (i) γ −1 eg = 60 µs, γ −1 f g = 150 µs [21] , γ −1 f e = 30 µs, γ −1 φe = γ −1 φf = 20 µs, (ii) g 1 /2π = 35 MHz, (iii) g kl = 0.01g max [22] , with g max = max{g 1 , g 2 , g 3 }, (iv) κ 1 = κ 2 = κ 3 = κ, and (v) α = 0.5. According to Eq. (13), we have g 2 /2π ∼ 50.5 MHz and g 3 /2π ∼ 72.1 MHz. For a transmon qutrit [11] , we have
Here, we consider a rather conservative case for decoherence time of the transmon qutrit [6, 23] . In addition, the coupling constants here are readily available in experiments [24] .
By solving the master equation (15), we numerically calculate the fidelity versus κ −1 as depicted in Fig. 4 considering the decoherence and the inter-cavity crosstalk. From the red curve one can see that when κ −1 ≥ 300 µs, fidelity exceeds 0.9899. The operation time is ∼ 0.41 µs, much shorter than decoherence time of the qutrit used in the numerical calculation and the cavity decay times (100 µs -900 µs) considered in Fig. 4 . Note that lifetime ∼ 1 ms of microwave photons was experimentally demonstrated in a 3D microwave cavity [6, 25] . For the cavity frequencies given above and κ −1 = 300 µs, the cavity quality factors are Q 1 ∼ 1.31 × 10 7
for cavity 1, Q 2 ∼ 1.07 × 10 7 for cavity 2, and Q 3 ∼ 1.07 × 10 7 for cavity 3, which are available because a high quality factor Q = 3.5 × 10 7 of a 3D superconducting cavity has been demonstrated in experiments [25] . The analysis here implies that high-fidelity creation of a three-cat-state-qubit GHZ state is feasible with the present circuit QED technology.
